OPTIMAL CONTROL FOR MULTI-PHASE FLUID STOKES
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ABSTRACT. Optimal control for a system consistent of the viscosity dependent
Stokes equations coupled with a transport equation for the viscosity is studied.
Motivated by lack of sufficient regularity of the adjoint equations artificial dif-
fusion is introduced to the transport equation. The asymptotic behavior of the
regularised system is investigated. Optimality conditions for the regularised
optimal control problems are obtained and again the asymptotic behavior is
analyzed. Lack of uniqueness of solutions to the underlying system is another
source of difficulties for the problem under investigation.

1. INTRODUCTION

The focus of this work is to establish an approach for optimal control multi-
phases fluid flow. More specifically we consider the problem

(1) min J(n,0) = 21— l320q) + 5 Ml
subject to

yt —div(n(Vy)) + Vp =,

divy =0, ylon =0, ¥yli=0= Yo,

(1.2)
n+y-Vn=0,

Nlt=0 = no-

Let us describe the various terms in this problem formulation. Here €2 is a bounded
domain in R?, 7> 0 and Q = (0,7) x Q. The spatio-temperally dependent vector
field y presents the velocity of the fluid, p its pressure, and 7 is the nonconstant
viscosity of the fluid. Further yo and 79 are the initial velocity and viscosity re-
spectively. The control variable is denoted by u, it may act on the subset Q C €.
The control problem consists in finding u such that the corresponding state-control
vector (y,n,p,u) minimizes J(n,u), where 7} is given and fixed.

If 7 is chosen as 11 + (72 — 1m1)xq Where xg is the characteristic function of a
set Q C Q, then (1.1), (1.2) represents the problem of determining a control u such
that the interface between the two fluids with viscosities 1 and 72 coincides with
the boundary %) of Q.
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One of the key issues in optimal control with partial equations as constraints
consists in establishing existence and first order necessary optimality conditions,
which are expressed in the form of optimality systems. Here we shall establish exis-
tence by means of a compensated compactness argument. To obtain an optimality
system, one can rely on a Lagrangian formalism, for example. Proceeding formally
we introduce adjoint variables for the velocity, the pressure and the viscosity and
denote them by (z,q,&), and denote by e;(y,p,n) = 0, ¢ = 1,2,3 the momentum,
the mass, and the transport equations respectively. Defining the formal Lagrangian

‘C(yvpa n,a; z, qvf) = J(nv 11) + <Za el(YvP? 77)> + <qv eQ(yapv 77)> + <§a eS(YvP? 77)>7

and setting the first derivatives with respect to (y,p,n,u) equal to zero, we obtain
formal adjoint equations

—z; — div(nVz) —nVE+ Vg =0,
divz=0, z|po =0, z|i=r =0,
=& +y - VE+Vy:Vz=—(n—1),
§|t:T =0,

where Vy : Vz is the matrix inner product of Frobenius type, and the optimality
condition:

(1.4) au = z.

(1.3)

Combining the primal equations (1.2), the adjoint equations (1.3) and the op-
timality condition (1.4) provides the formal optimality system. These equations
are indeed only formal since the transport equations in (1.2) and (1.4) have no
smoothing properties. Hence z is strictly less regular in space than H! and ¢ is
strictly less regular in space than L. The bilinear coupling in (1.3) is the source
of significant difficulties in analyzing this equation.

This lack of regularity of the adjoint equations motivates the introduction of
a smoothing step. In the present work, we introduce artificial diffusion to the
transport equation, which results in

(1.5) Ny —eAn+y°©-Vn® =0,

and investigate the optimal control problems for the regularized system.

Let us briefly outline the contents of the paper. In Section 2 we gather technical
result which will be used throughout the remainder of the paper. The experienced
reader can proceed directly to Section 3 where the regularized primal problems
are investigated. The existence of solutions for each € > 0 is shown by means of
Schauder’s fixed point theorem. It is further shown that as ¢ — 07 limit points
of regularized solutions satisfy (1.2), where the solution concept for the transport
equations is that of regularized solutions in the sense of DiPerna-Lions. In Sections
4 and 5 two optimal control formulations, with controls in L?(Q) the other with
controls L?(0,T;V*) are studied. In each case optimality systems are rigorously
derived and convergence of the optimal control problems as ¢ — 07 is investigated.
Lack of uniqueness of solutions to (1.1) significantly complicates this analysis.

The invesigations of this paper can certainly be extended in several aspects.
Similar results as presented here should also hold true if the Stokes equations are
replaced by the Navier Stokes equations with the nonconstant density function.
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More involved cost-functionals, and cost functionals involving the velocity y can be
treated by the same techniques as used in this paper.

Finally let us give only a few comments on the multi-phase fluid model that
is used in this paper. If ng € {m,...nr}, with 7; constants strictly larger than
zero, then the renormalized solution n(t,z) € {m,...nL} as well, see e.g. [11, 12].
The transport equation in (1.2) is a variational formulation, posed on all of the
domain 2, of the immiscibility condition along the interfaces occupied by fluids with
different viscosity, as proved in [11], Lemma 2.3. Of course, once the regularization
is introduced the solution 7. will not satisfy 7(t,x) € {n1,...nr}, but rather mushy
regions will arise. In [1] an improved model is investigated, which allows for shear
rate dependent viscosities and which takes into consideration surface tension along
the interfaces of different fluids. A different analytic framework for (1.2) is based
on viscosity solutions. Global existence is shown in [8] under the assumption that
the difference of the viscosities of two different fluids is sufficiently small. Finally
global existence to multiphase viscous flow is also investigated in [5], again under
the condition that the viscosities of the fluids in different phases do not differ too
much.

2. PRELIMINARIES AND NOTATIONS

Let Q be an open bounded domain in R? with Lipschitz boundary. We use
standard notation WP and H™ for the Sobolev space, and we simplify the norm

of H™ as || fllm = [/l zm-
We will repeatedly use the following inequalities. The generic constant C' does
not depends on the choice of u.

e Poincaré inequality: For any u € H¢ or u € H! N L3, we have
[ull < Cl[Vull.

e Holder inequality:

/Q Fghl < 1 F Lo llglzalibll e

where p, q, r > 1and%+%+%:1.
e Sobolev inequality:

1/2
lull 2 < Clull 2 |ull/?,

|ul|z» < Cllullr, for any 1 < p < oo,

where Q) € R?;

e Gronwall’s inequality:
Let y(s) be a nonnegative, absolutely continuous function in [0, s] and sat-
isfy for almost every s, the differential inequality:

(2.1) y'(s) < als)y(s) + b(s),

where a(s) and b(s) are nonnegative, summable functions in [0, s]. Then
we have:

(2.2) y(s) < eJo alm)dr [y(O) + /0 ) b(T)dT] .
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e Aubin’s Lemma: (c.f. [2])
Let Xy, X1, X2 be Banach spaces such that

Xo C X1 C Xo, X;isreflexive fori =0, 1,

and the injection of X into X3 is compact. Let 1 < p; < 0o, ¢ = 0,1. Then
the space
W = LP°(Xo) N WP (X5)
is compactly imbedded in LP°(X7).
For the Stokes equation, the following divergence free spaces are useful.

VY = {ue Ce(Q),divu = 0},
12

H=V" ={ucL?divu=0,u-n=0},
17l

V=V = {uec H),divu = 0},

where H and V are equipped with the norm induced by L? and H}. We identify
the dual space of H as itself, and define the dual space of V as V*. We also
introduce the projection operator P from L? to its divergence free subspace H. By
the Helmholtz-Hodge decomposition theorem (c.f. [14]), we have:

L2=H&e VH'.

Now we introduce time dependent function spaces. For any function f : [0,7] —
B, where B is a given Banach space, we denote f € LP(B) if

T
{ Jo If®)]dt < oo, 1<p<oo,
esssupg<,<r || f(t)|lp < 00, p=o0.

The norm is defined by || £l »(s) = (7 |F(#)]%)/7 for 1 < p < oc and ||f]| = (5) =
esssupg<;<7 || f(t)||5. If f(0) € B and % € L%(B), we denote it by f € HY(B).
We will use @ to represent the time-space domain, i.e.

Q=1(0,T) x Q.
For time dependent test functions, we denote:
Vr =CY[0,T],V), Cr = C[0,T],C5°()).

For any function f € Cr or f € Vp, we can define a operator 7y by taking the
initial data: vo(f) = f(0) or vo(f) = £(0). We will use this operator in section 4
and 5.

The Stokes operator is defined as A : V — V* Ay = —Ay. If the domain is
H2 NV then the Stokes operator A is defined from H2N'V to H by Ay = —PAy.
We will not distinct the above two operators and denote them both by A. One can
verify the Stokes operator has the following properties (see [14]):

A is positive, self-adjoint operator,

A is bijective from V to V*, hence it is an isomorphism from V to V*,
Iy]l+ = |A'2y]| = |Ay|v-, for all y € V,

|ullv+ ~ |A=Y2u|| ~ [[A~ u|y, for all u € V*,

A is bijective from H2 NV to H, hence it is an isomorphism from H2N'V
to H,

Iyll2 =~ |[AY?y||; = ||Ay]|, for all y € H> NV,

o |[u] = [[A~'2ul|; ~ |[A"tul|y, for all u € H,
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where =~ means that the norms are equivalent.

We denote two viscosities as m and M, and initial viscosity 7 satisfies 0 < m <
1o(x) < M < oo. The generic constants C' and C; only depend on 2, m, M, T, the
initial velocity yg, the initial viscosity 79 and extenal force. C' may be different in
different cases, and C; can be fixed in advance. C. is also constant but may depend
on the choice of e.

3. EXISTENCE AND CONVERGENCE FOR THE APPROXIMATED SYSTEM

As we mentioned in the introduction part, the governing equation for the multi-
phases immiscible incompressible fluid reads:

(3.1) yt —div(nVy) + Vp = u,
(3.2) divy =0,

(3.3) yloa =0, yli=o = yo,
(3.4) n+y-Vn=0,

(3.5) Nlt=0 = no-

Where y presents the velocity of the fluid, » is the viscosity of the fluid, y, and
1o are the initial velocity and viscosity respectively. To avoid the pressure term,
we can put the system into the weak form: given u € L*(V*) and y, € H, find
(n,y) € L=(Q) N HY(H~Y) x L?>(V) N H'(V*), such that

y: —div(nVy) =u, in L*(V*),

77t+yV77:0a in Lz(Hil)a
with the initial conditions (3.3) and (3.5). The existence of a solution can be found
in [11, 12].

We take a singular perturbation to the system (3.1) - (3.5) and arrive at the
following approximating system:

(3.6) yt — div(n(Vy©)) + Vp© = u,
(3.7) divy® =0,

(3.8) Yoo =0, y°li=0 = Yo,
(3.9) N —eAn +y°-Vnt =0,
(3.10) nli=o =15, nloa =m,

where € is a positive constant and 7 is an approximation of 7y which satisfies
(3.11) m<ns < M,a.e. 15— 1o inL*(Q)ase — 0.

To avoid the pressure term, we can consider the following equivalent approximat-
ing system. Given u € L?(V*) and yo € H, find (n°,y¢) € L*(H') N L>=(Q) N
HYH™) x L*(V)N L*®(H) N L*(V*), such that

(3.12) yi — divip(Vy)) =u, in LA(V"),

(3.13) ne—eAnS+y - Vnt =0, inL*(H™),

with the initial conditions and boundary conditions (3.8) and (3.10). Moreover,
if u e L2(H), yo € V and n§ — m € H}, we find (n°,y¢) € L*(H?) N L>(Q) N
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L>(HY) N H'(L?) x L(H?) 0 L®(V) N L2(H), such that,
(3.14) yi — P(div(n°Vy©)) = u, in L*(H),
(315) 77: - GATIE + y6 : V776 = 07 in L2(Q)7

with the initial conditions and boundary conditions (3.8) and (3.10). The equiva-
lence of (3.6) - (3.10) to (3.12) - (3.13) and (3.14) - (3.15) is based on Helmholtz-
Hodge decomposition theorem (c.f. [14]). For simplicity, we will not distinct the
PDE form with its variational form in the paper, i.e. the pressure is omitted in the
statement and the proof.

During this section, u is fixed as a given function in L?(V*). We have the
following existence and convergence results.

Theorem 3.1 (Existence for fixed €). For any given positive constant €, u €
L3(V*), yo € H, n5 € L*> with m < n5 < M a.e., system (3.6) - (5.10) has at
least one solution which satisfies (n,y¢) € L2(HY)NL>®(Q)NH*(H~1) x L3 (V)N
L (H) N LA(V*).

The proof for existence is based on fixed point argument, and is given in subsec-
tion 3.1 - 3.3.

Theorem 3.2 (Convergence for € — 0%). Assume that u € L?(V*), yo € H, and
nS satisfies (5.11) ase — 0. Let (n,y¢) € L®(Q)NH*(H 1) x LA(V)NH(V*) be
any solution of (3.6) - (3.10). Then there exists a sequence € — 07 such that y™ —
y in L*(Q), 0" — n in L*(Q) and (n,y) € L®(Q) N H'(H™') x L*(V) N H'(V*)
satisfies the equations (3.1) - (3.5), and n is renormalized solution.

The definition and property of renormalized solution can be found in [11]. The
proof of convergence is given in subsection 3.4.

3.1. A-priori Estimate for the Stokes Equation. We fix 1 as a measurable
function satisfying m < n < Ma.e. For the Stokes equation

(3.16) vyt —div(nVy) + Vp = u,
(3.17) divy =0,
(3.18) yloa =0,  yli=o = yo,

existence and uniqueness of a weak solution can be obtained by standard argument
similar to the constant viscosity case, and we have the a-priori estimate

T T
1) sw v [ i< ol +C [ fulede
0<t<T 0 0
Then y; can be estimated as:
(ye,v) (u,v) — (nVy,Vv)
3.20 yi|[v+ = sup = sup < |[al|v+ + M||Vy],
(3:20)  [lyell SUD TV T S oVl [[u IVyll

and by virtue of (3.19), we have
(321) Hyt||L2(V*) S C||f||L2(V*)

We notice that the estimates (3.19) and (3.21) only depend on u, yo, 2, m and M.
Hence there exists a constant Cy such that:

(3.22) 1Yl oo ey + 1Yl 22 vy + Iyellz2ove) < Ch.
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To avoid the pressure term in the Stokes equation (3.16) - (3.18) and make the
proof simple, we can rewrite the Stokes equation in the following equivalent form:
find y € L?(V) N L*®(H) N H'(V*) which satisfies

y: —div(n(Vy)) =1, in V}.

Ylt=0 = yo-
3.2. A-priori Estimate for the Convection-diffusion Equation. For ¢ > 0

as a fixed positive constant, and given y which satisfies (3.22), we consider the
following convection-diffusion equation:

(3.23) ne—eAn+y-Vn=0,
(324) 77|t=0 = 7]8, 77|aQ =m.

Existence and uniqueness of the weak solution can be obtained by standard argu-
ments, and we have the following a priori estimate:

t
(3.25) HMLJ—mW+ﬂgAHVw2=Wﬁ—mW.

In fact, shifting n by a constant function m, we find that 77 = n—m satisfies the same

parabolic equation (3.23) with initial condition n§ — m and homogenous Dirichlet

boundary condition. Multiplying the resulting equation (3.23) by 7 gives (3.25).
By virtue the maximum principle for parabolic equations, we have

(3.26) m < n(t,x) < M.

The maximum principle we used here is Theorem 7.2 in [9] pp. 188. We need to
check that the coefficient y = (y1,y2) satisfies y? € L*(Q), i.e. » = ¢ = 2 in that
theorem. From Sobolev’s inequality, we have

T T T
| [ stasde< [ iyitae<c [ iviPlyizae
0 Q 0 0

and since y € L?(V) N L>(H), we obtain y? € L?(L?).
We proceed to estimate the time derivatives:

, U eAn—y-Vn,v
el - = sup e >: sup Sy 7.}

vert VOl vem [Vl

—e(Vn, Vo) + (yn, Vv
— sup ~RVILITY) oy gy,

veH} [V
With the help of (3.25), (3.26) and since y € L?(V), we obtain
(3.27) Inllz2 a1y < C.

Since the constants in (3.25) and (3.27) only depend on m, M and C;, we can
define two constants Cy and Cs  such that

(3.28) Inllzz ey + 0l 2 -1y < Ca,
(3.29) Il L2y + [1nellL2 -1y < Cap,

Similar to the Stokes equation, we can also rewrite equation (3.23) - (3.24) in the
following equivalent way: find n € L2(H') N HY(H 1), such that

n—eAn+y-Vn=0, in Cr,

77|t:0 = To, 77|aQ =m.
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3.3. Proof to Theorem 3.1. We will prove existence for the approximating sys-
tem (3.6) - (3.10) by Schauder’s fixed point theorem (c.f. [3]). Since € is fixed in
Theorem 3.1, the notation 1 and y without subscript € are used in the proof for
simplicity of notation. We define two Banach spaces as

(3.30) By =L*HYNHYH™), Ey=L*H)NL*V)nH (V*).
Let K1 C E1 and Ko C E5 be given by:
Ki={n:|nlleg, <Cae , m<n<Mae}

Ko ={y:|yle, < Ci},

where Cy and Cp . are defined in estimates (3.22) and (3.29). For any n € Kj,
the estimate (3.22) guarantees the existence of a velocity y € Ks to the Stokes
equation (3.16) - (3.18). Similarly for any y € Ko, the estimates (3.26) and (3.29)
imply that the convection-diffusion equation (3.23) - (3.24) can be solved for a new
viscosity £ € K7. This combined mapping is defined as 7(n) = £ and we note that
7 maps K into itself. Theorem 3.1 follows directly from the following Lemma.

Lemma 3.3. Let the same assumption hold in Theorem 3.1. Then the map T
defined as above is well-defined and has at least one fixed point in K;.

Proof: Clearly 7 is well-defined. We will prove existence for fixed point. First we
notice that K7 is a closed, bounded and convex set in F; and K5 is also a closed
bounded set in Es. To apply Schauder’s fixed point theorem, we need to prove that
T is continuous and compact. While proving these facts we always use the notation
n — y — £ (with or without subscript n). The proof is based on the following
claims:

1. If {n™} C K; is a weak convergent sequence in E; with limit n, then there
exists a subsequence {y"™} C Ky and y € K5 such that y™ — y weak-star in E.
2. If {y"} C K3 is a weak star convergent sequence in Ey with limit y, then there
exists a subsequence {7} C K7 and £ € K; such that " — ¢ strongly in Ej.

3. Consider a sequence {a"} in a Banach space B. If for any subsequence of {a™}
(denoted by {a™}), we can pick up a sub-subsequence {a"% } such that {a"% } con-
verges to a € B in the strong or the weak or the weak-star topology, then {a"}
converges to a in the same topology.

Proof to claim 1. Since m < n™ < M, a.e., estimate (3.22) implies that {y"} C Ko.
Hence we can choose a subsequence {y™} (still denoted by {y”} for simplicity)
and z € Ks, such that

y" =z in L*(V),

y" =z in L°°(H) in the weak-star topology,
(V).
Since {n™} C Ki, Aubin’s Lemma implies that there exists a subsequence (still
denoted by ") which converges to 7 strongly in L?(Q). Then strong convergence

of ™ in L?(Q) and weak convergence of Vy™ in L?(Q) imply convergence of n"Vy™
in the distribution sense. By definition, y™ solves the Stokes equation

y¢ —div(n"(Vy")) =f inVr.

yr —z; inL?
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After passage to the limit, for any test function v € Vr, we have

¥, viQ = (x¢,v)Q,
(div(n"(Vy")),viq = =" (Vy"), Vv)q
— —(n(Vx),Vv)q = (div(n(Vx)),v)q,
and hence z satisfies the following equation
z; —div(n(Vz)) =f in V7.

For the initial condition, we notice that E is compactly embedded into C([0,T], H)
(see [6]). Since y™|i=o = yo for all n, we have z|;—9 = yo. Then uniqueness of the
Stokes equation implies that z = y(7).

Proof to the claim 2. Since {y"} C K, inequality (3.29) implies that {¢"} C K.
We can choose a subsequence (still denoted by {£"}) and ¢ € K; such that

€n N ,(/} in LQ(Hl),

& —y in L*(H™H).
By definition, £™ satisfies the equation

& —eNE"+y"-VE" =0 inCh.

Since y" € Kj, Aubin’s Lemma implies that there exists a subsequence (still de-
noted by y") converging to y strongly in L?(H). Then strong convergence of y"
in L?(Q) and weak convergence of V&™ in L?(Q) imply convergence of y™ - VE™ in

the distribution sense. After passage to the limit, for any test function ¢ € Cp, we
have

(&' oo = (Wi, d)q;
(A", ) — (A, 9)q,
y"-VE", d)q = (y Vi, d)q.
This implies that 1 satisfies the equation
Yy —eAYp+y -V =0 inCr.

The initial condition can be treated similarly as in the proof to claim 1. Since
E; is compactly embedded into C([0,T], L?), we have t|,—9 = n5. The boundary
condition can also be treated by shifting every function by the constant function
m and replacing H' by H} in the proof. Then by virtue of the uniqueness of the
convection-diffusion equation, we have 1) = &.

Now we need to prove the strong convergence of {{"} in Ej. Defining o™ = £" — ¢,
z" = y™ —y, we find that ¢" satisfies

op — el 42" - VE +y - V" =0,

with zero boundary and initial condition. Multiplying ¢™ on both sides of the above
equation, we have

1d
2 dt
Since z" is divergence free and m < £" < M a.e., we have

€
(2" VE", ") = =(2"¢", V") < [V | + Cl|2" 1%,

(3.31) ™1 + el V™ ||* + (2" - VE", ") = 0.
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Substituting into (3.31) and integrating in time gives

T T
(3:32) swp [l + [ el < €. [ " Pt
0<t<T 0 0
The time derivative can be evaluated as
n —eVon n,n nyn Y
||SD?||H*1 — sup <§0t,'l)> — < € 90 +£ z +90 y 9 U>
verd IVl vem Vo]

n n n) /2, nyl/2 n n n n n n
<ellg”a + Mzl + [y 121" I < Cellle™ =+ 21+ ly™ 9" 1+ ™ 1™ -
Since y" € Ko, we have
0¥ |2(m-1) < Ce(ll@" 2y + 112" [ z2(@) + €™ (L (L2))-
By virtue of (3.19) and [|z"(|z2(g) — 0, we conclude that ™ — 0 strongly in X.

Proof to the claim 3. See [13].

Proof to the Lemma. Continuity of 7. Consider a sequence {n™} C K; and n € K1,
such that n™ — 7 in E;. By virtue of claim 1 and claim 3, we obtain {y"} C Ko,
y € Ky and y® — y in Es in the weak star topology. Then by claim 2 and claim 3,
we have £ — £ in F; as desired. Compactness of 7 follows from claim 1 and claim
2.0

3.4. Proof to Theorem 3.2. From Theorem 3.1, there exists at least one solution
(n°,y¢) € K1 xKjs for the system (3.6) - (3.10). From estimates (3.22), (3.25), (3.26)
and (3.28), we have the a-priori estimates

(3.33) m<n <M a.e.,
(3.34) Iy llooe @y + 1y lle2evy + IyillLzovey < Ch,
(3.35) (¢, ) —ml < ng —mll,  Nngllea-1) < Co.

Since {(n¢,y¢)} is a bounded set in L>°(Q) N H*(H~') x L*(V) N H'(V*), we can
find a subsequence which is denoted by (7", y") and (§,z) in L>(Q) N H*(H~1) x
L3(V)n H'(V*), such that
y" —zin L*(V),
y© =z, in L*(V*),
" — & in L™(Q) weak star,
=& in L*(H™Y).
We recall that (n™,y™) satisfy the equations:
¥ — div(i™(Ty™) = £ in Vi,
Ny — €' An" +y"-Vn" =0, in Cr,
with the same initial and boundary condition as (3.8) and (3.10). Since y" — z
strongly in L2(Q) by Aubin’s Lemma and " — ¢ in L?(Q), we have y"™n" converges

to z ¢ in the distribution sense. Choosing a test function ¢ € C'r in the convection-
diffusion equation, we find for €® — 0%,

<77?’¢>Q - <£t’¢>Q7 6"<A77n7¢>62 = €n<77na A¢>Q — 0,
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Hence (z, €) satisfies the transport equation
& +2z-VE=0, in Ch

Since L?(L*)N H'(H ™) is compactly embedded into C ([0, T], H~'), and n§" — no
in L2, the initial condition for ¢ is 79. If we restrict our test function to be zero at
time T, i.e. {¢: ¢ € Cr,d(T) = 0}, one can check that

/OT/Qg(QSt + 2z - Vo)drdt + /Q n06(0)dz = 0.

According to Theorem 4.1 in [11], the weak solution ¢ is also a renormalized solution
and satisfies ||£(¢,-)|| = ||no]|. By the property of renormalized solutions (choosing
B(s) = (s —m)? in [11]), we have ||£(t,-) — m|| = ||no — m] for a.e. t € [0,T].
Therefore by (3.35), we have

(3.36) limsup " —mll2(q) < VT lim [l —ml| = VTno —ml| = €~ mil 2(0)-
Weak lower semi-continuous of norm implies that

(3.37) liminf | —m| p2(q) > I — m||L2(0)-

Combining (3.36) and (3.37) leads to |[n™ — m|[z2(@) — [|§ — m|r2(g) and hence
n" — & in L%(Q). Strong convergence of " in L?(Q) and weak convergence of Vy"
in L2(Q) imply convergence of " Vy™ in the distribution sense. For test functions
v € Vr, we have

<y?aV>Q - <ZtaV>Q7

(div(n"Vy"),v)Q = —(1"Vy",Vv)q

— —(EVz,Vv)o = (div(Vz), V).
Hence (z, &) satisfies the Stokes equation

z, —div({(Vz)) =f in V7.

Since L?(V)NL2?(V*) is compactly embedded into C ([0, T], H), we have z|;—o = yo.
Hence (z, &) solves the system (3.1) - (3.5). This implies Theorem 3.2.
Corollary 3.4. Consider the same assumption as in Theorem 3.2. If ng, in addition
to (3.11), also satisfies

ng — Mo, in LP(0), 2 < p < oo,

then we have
n" —mn, inLP(Q).

Proof: After shifting by a constant function m, we denote ¢ = ¢ — m. Hence
7€ satisfies equation (3.9) with initial condition 7¢|;—¢ = 1§ — m and zero Dirichlet
boundary condition. It is known that 7 € L°°(Q) N L?*(H'). We can multi-
ply |7¢[P~27€ on both sides of equation (3.9) (where 1° is replaced by 7€). Since
V(I7P=27°) = (p — 1)|7°[P~Vi°, we have

Ld [ e _ /—ep—z 2 —

S [+ o= [ e Pis = o
This implies that ||7°(¢)||zr ) < |16 — M| Lr(q). After passage to the limit and by

same argument as in the proof of Theorem 3.2, we have ™ — 7 in LP(Q) and 7 is
the renormalized solution. From the property of renormalized solutions (choosing
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B(s) = |s —m[? in [11]), we have |[n(t, ) — m|lLr@) = 0o — m||Lr(q), a.et € [0,T].
Therefore

limsup [|7" — ml|r () < TP lim 0" — m| Loy = TP Ino — mllo () = In — mllr (o)

Together with weak lower semi-continuous of norm, this implies that ||n" —m/|| rr(qg) —
ln — m|Lr @) and hence n™ — n in LP(Q). O

4. OPTIMAL CONTROL IN L%(Q) SPACE

The abstract formulation for the optimal control is:
(4.1) min J(x,u), such that e(x,u) =0,

where J(x,u) is the cost functional, u and x are the control and state variable
respectively, and e(x,u) = 0 denotes the underlying equation. For our control
problem, the state variable x = (n,y) and the control variable is u itself. The
underlying equation is either system (3.1) - (3.5) or (3.6) - (3.10).

In the L? control case, we choose the cost functional as

1 - «
(4.2) Tn,0) = Sl =72 g) + 5 ullte ),

where 7] is a given function in L?(Q). The optimal control problem associated with
original equation is

Problem 4.1.
min J(n,u), such that equation (3.1) - (3.5) hold.

We have existence for the above problem.

Theorem 4.2. Givenyy € H, m <ny < M a.e., there exists at least one optimal
solution (n,y,a) for Problem 4.1, and (n,y,u) € L>=(Q) N HY(H~') x L?(V) N
HY(V*) x L*(Q).

Proof: Clearly Problem 4.1 is feasible, hence we can find a minimal sequence
(y™",n™,u"), ie. lim, o J(n™,u™) = inf J(n, u) such that (n™,y™, u™) solve equa-
tions (3.1) - (3.5) (we use the equivalent weak form to avoid the pressure term). By
the definition of J in (4.2), we know that {u"} is bounded in L*(Q). Hence {y"},
{n"} are also bounded in L*(V) N HY(V*) and L>(Q) N H'(H ') respectively.
After passing to the subsequence (still denote the subscript by n), we have

u” —u in L%(Q),
y' =y inLX(V)nHY(V),
n™ —n weak star in L>(Q) N H'(H™1).

We need to check that (y,n,u) satisfy equations (3.1) - (3.5). Since y™ — y in
L?(Q) by Aubin’s lemma and 7™ — 1 in L?(Q), we obtain that y"n"™ converges to
y7 in the distribution sense, hence the transport equation (3.4) is satisfied. The
initial condition can be obtained in a similar way as in Thoerem 3.2. Hence 7
is a renormalized solution. By the property of renormalized solution (c.f. [11]),
™ l2 @) = VT ol = nll22¢q)- This implies that n™ — n in L*(Q). Together
with Vy™ — Vy in L?(Q), we have convergence of n"Vy™ in the distribution sense.
Therefore the Stokes equations (3.1) - (3.2) are also satisfied. The initial condition
can be treated similarly as before. Hence (7,y,u) satisfies the underlying equation.
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Lastly, since the norm || - |[z2(g) is a weakly lower semi-continuous functional, we
obtain that (7, u) provides a minimum for Problem 4.1. O

Now we move to the optimal control problem associated with the approximated
system. For the L?(Q) control case, we assume that yo € V, n§ —m € H}. Then
equations (3.6) - (3.10) are equivalent to equations (3.14) - (3.15) with the same
initial condition. To avoid the pressure term, we will use equations (3.14) - (3.15).
Denote

¢ _( €1 €2\ _ ([ yi— Pdiv(nVy) —u, y(0)—yo
(4.3) ey, u) = < €51 €52 ) - < m—eAn+y -V, n0)—n5 )

Then the optimal control problems for the approximated system are given by:

Problem 4.3.
min J(n,u), such that e‘(n,y,u) =0.

Similar to Theorem 4.2, we have existence for optimal solution for Problem 4.3.

Theorem 4.4. Given yg € V, n§—m € H} and m <n§ < M a.e., there exists at
least one optimal solution (n,y,u) for Problem 4.3, and (n —m,y,u) € L>(H? N
HH)NL>=(Q)N HYL?) x L2 (V)N HY(V*) x L*(Q).

In the remaining of this section, we discuss the optimality system for Problem
4.3 and how Problem 4.3 approximates Problem 4.1 when ¢ — 0. Subsection 4.1
contains the regularity estimates for equation (3.6) - (3.10). The theorems are state
in subsection 4.2, i.e. Theorem 4.9 for the optimality system and Lemma 4.10 for
the limit property.

4.1. Regularity Estimates. We will repeatedly use the following estimates.
Lemma 4.5.

(4.4) yeL?(HY)YNL®(L?),nec L*(H)NL>(H') =1y -VneLl*Q),
(4.5) y € L®°(HY),n € L>(H?)N L>(H") =y -VneL¥Q)
(4.6) ye€ L*(H%)NL>®HY),ne L2(H))NL>®(H') = Vn-Vyc L*Q).

)

Proof: The conclusions are based on the Holder and Sobolev inequalities.
T T T
/O /Q ly - VilPdedt = / Iy - Vil2adt < / Iy 2902t
T
<C [ Il lalalllads < CQIy I~ oy 31 any + Dl ol s
T ’ T T
/O /Q ly - Vlfdedt = / Iy - Valsdt < / AN
T
< [ Iyl i,
T ’ T T
/O /Q V- Vy[2dudt = / IV Vy|2dt < C / 19y 2.Vl .t

T
< C/O Iyl lly Izl lnllzdt < CCUIY I @ Y172 @2y + 100 0122 2))-
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To obtain a higher order regularity result for the solution to the system (3.6) -
(3.10), we need to assume that the initial data yo and 7§ satisfying higher regularity
properties. Besides (3.11), let

(4.7) Yo€V, n5—mec Hy(Q)NW3(Q).

The existence result (Theorem 3.1) implies that for any u € L?(H), there exists at
least one (n,y) satisfies (3.6) - (3.10) such that

(48)  yeIL*V)NL®MH)NHYV*), necl?*(HHYNL>®Q)nH(H™).
Taking the inner product of (3.9) with —An, using

1
v -V, 8m) < [yl Vs lInlla < Celly Py I 1Inl1T + 514011,

and estimate (4.8) and n§ € H', we have n € L2(H?)NL*>(H'). Hence n; € L*(Q),
and

(4.9) ne L*(H*)NL>®(H"Y)Yn HY(L?).
After taking the time derivative in equation (3.9)
N — €A +ye -V +y - Vi =0,

and taking the inner product with 7; in the above equation,

1d
5 gz el + ellVnel® + (ye - V) = 0.

Since .
(ye - Vi, me) = —(yim, Vi) < §||Vm||2 + Celly+l?,
we find
t
(4.10) Inl? < C. / yell2 + ()1,

where [ (0)[| < e[[nll2+llyo- Vgl < €llnill2+Cllyoll1][n6]l2- Moving 7, in equation
(3.9) to the right hand side, the elliptic estimation gives

(4.11) [An] < Celllnell + [ly[l)-

Now we move to higher order regularity estimates for the Stokes equation. First
we consider the time independent Stokes equation with nonconstant viscosity 7.

Lemma 4.6. Suppose thatn € H? andm < n < M a.e., and that y solves following
Stokes equation

(4.12) —div(n(Vy)) + Vp =u,
(4.13) divy =0, yl|a=0.

Then we have

(4.14) [yll2 < C(lall + [lnlllnll2llallv-)-

Proof: First we have
(4.15) Iyl + 2]l < Clhullv-.
Equation (4.12) can be rewritten as

pVn _u

v
Ay - Aovy+vE+ BT _Z
0 noon?
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We multiply Ay = —PAy on both sides of the above equation. Since

Vi 1/2y ;1/2 1/2 1/2
(= V¥sAy) < ClalhZlnll Iy 13y 1Ay

pVn 1/2 1/2 1/2
(5 A < Cllol 2 ol Il Iy Ay

1/2 1/2 1/2 1/2
Iplly < l[all + My lla + V0l sl Vy s < [l + Cllyllz + Cllnly Il 1y 112 1y 12",

together with estimate (4.15) and the property of Stokes operator |ly|l2 < C||Ay|l,
we have

Vn 1
<7 Vy, Ay) < 2IAy[1* + ClilEInlEIE]-

pVn 1

<7,Ay> < ZIIAyII2 + CllnlZlnl3lIE 1R~
u 1

<E,Ay> < ZIIAyII2 + Cllul®.

Hence [lylla < C([lufl + [[n]l1[Inll2[lulv-).0
We next consider the time dependent Stokes equation (3.6) - (3.8). Multiplying
y: on both sides of equation (3.6) and noticing that (y¢, Vp) = 0, we have

1d 1
ly:ll* + 5 2 (1Vy, Vy) = 5 Vy, Vy) = (u,y1).

After moving y; to the right hand side, using Lemma 4.6 and
lyellv- < lluflv- + Cliyll,

we find
[yll2 < C([ull + llyell) + Clinlla Inllz(allv- + llyll)-
We also have the estimates

m:Vy, Vy) < Clindlllyllllylla < Cllnelllly [l (rall + 1yl + Clinelllly Il nllz(hallv- + lyll)
1
< CllmlPly i + lhall* + S lyel® + CUAyIEIITnIE + el Fal® + el ol [y 11)-

Defining B(t) = [y ly:l® + Im(0)2, ¥(t) = (nVy, Vy), inequality (4.10) implies
that ||n:|| < C.6(t). Hence

d
27 (B+7) < CelllmlP B+l I35+l +ull® < Celllnel* B+ lInliInllz+wll®) (3+7)+ [l

Since we already have (4.9) and u € L?(Q), then by Gronwall inequality, we have
y: € L?(Q) and y € L*°(V). Hence 1, € L°°(L?) and n € L°°(H?) (from (4.10)
and (4.11)), which immediately gives y € L?(H?). Summing up we have

(4.16) y € L*(H*)NL>®(V)n H'Y(H).

To guarantee the existence for a Lagrange multiplier, we need a slight better esti-
mation for 7. Due to (4.9) and (4.16), Lemma 4.5 implies y - Vp € L3(Q). Then
moving y - V7 to right hand side for equation (3.9), and using Theorem 1.14 in [7],
we obtain

(4.17) ne L3 W%, n, e L¥Q).

Combining the results, we find
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Theorem 4.7. Assume that (5.11) and (4.7) are satisfied. If u € L*(H), then
every solution of systems (3.6) - (3.10) satisfies:

y € ) NL¥(V)NH'(H), neLl’(W*®), n e LQ),
and

¥z @2ynL= (vynmr @) + 10llzs w2y + [1nell s @) < Cllullz2()),
where C(-) maps bounded set to bounded set.
4.2. Optimal Control Problem Associated with Approximated Equations.
This section is devoted to deriving the first order optimality condition for Problem
4.3. Define the spaces
(4.18) X1 ={¢:¢ € L’ (W), ¢ € L*(Q)},
(4.19) Y, ={v:ve I*(H)NL>®(V)nH'(H)}.
By a standard embedding result (c.f. [7]), X1 C L*°. Recalling (4.3) for the

definition of the nonlinear map e, we have

Lemma 4.8. For any fixed positive constant €, the map e acts from X1 x Y1 X

2
L?(H) to ( £3Eg>)7 X/l 3 ) Moreover, it is Frechet differentiable.

Proof: We first verify that e is well-defined. Recalling that vo9(n) = 1(0) and
70(y) = y(0). Here 7q is continuous from X; to W3 (see e.g. Theorem 1.13 in
[7]) and also continuous from Y3 to V (see e.g. [14]), then ef 5, and e5 5 are well
defined. For any given (n,y,u) € X; x Y; x L2(H), by virtue of X; — L>*(Q) and
Lemma 4.5, we have

div(nVy)) = nAy + Vn- Vy € L*(Q), y-Vne L*(Q).

Hence e ; and e§ ; lie in L?(H) and L3(Q) respectively. Since e , and €5 , are linear
operators, the differentiability is clear. For ef; and €5, consider the linearized
equation at point (1,y,u) as

(4.20)

d < ei (ny,u) ) (67, 8y, 6u) = ( o0y — P(div(dnVy)) — dlvgnV(Sy —du )

dx \ €5:(n,y,u) ony —eAdn+ 0y -Vn+y

We will check that the linearized equation is indeed the Frechet derivative. By
calculation,

ef1(n+ony+dy,u+du) \ [ efi(ny,u)
621(77+617,y+5y,u+5u) e51(n,y,u)
(
(

_d [ eii(ny,u) _ ( P(div(énVéy))
( €51 (n,y,u) ) (0n, 0y, ou) = ( Sy - Von )

Since
[ P(div(6nVey)l2@) < 16nll =@ 1Ay llL2(q) + [[Von - Viy|rz(q),
by X1 — L*°(Q) and Lemma 4.5, we have
| P(div(6nVoy)lz2(q) + 16y - Vanlza@) < Cllon| x, 10y [y, -

Recalling the definition of Frechet derivative, we conclude that e is differentiable
with derivative ef,. O
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The existence of an optimal solution for problem 4.3 was already obtained in The-
orem 4.4. We let (n},y?, u’) be one optimal solution. From Lemma 4.8, e€ is differ-
L2(H), V )

entiable, and hence e, (7}, y*,u}) also maps X1 x Y1 x L?(H) to :
x(ne Ye ) P 1 1 ( ) ( LS(Q), W1’3

L g1, @ L*(H), V
Moreover, this map is also surjective. In fact, for any ( 0, ¢ ) € < 3(Q), wts )
we verify that there exists (d7, dy, du) which satisfies:

( dyr — P(div(6nVy;)) — P(div(n; Vdy)) — du =
one — eAdn+ 0y - Vi +yr - Von =g
with initial condition

53’@) =q )

n(0) =g

One can choose dy solving the Stokes equation dy; — PAdy = 0 with initial condi-
tion dy(0) = q;. Hence dy € Y. By Lemma 4.5, §y - V* € L3(Q). Let dn solves
the equation
o — €Aon +y¢ - Von = g — 0y - Vi,

with initial condition ¢, and zero boundary condition. A similar argument as in
Theorem 4.7 implies én € X;. Then we choose du = dy; — P(div(n:Vdy)) —
P(div(onVy})) — g1. By X1 — L*°(Q) and Lemma 4.5, we have

div(n:Vdy) = 1; Ady + VnZ - Véy € L*(Q),  div(onVy?) € L*(Q).
Hence du € L%(H), and surjectivity follows. The surjectivity of eS(n!,y!, u¥)
implies there exists a Lagrange multiplier (z,£) € L?(H) x L*/3(Q), such that the
following Lagrangian

(121)  Ly.w&m) = 5l lEa + Slults
+(z,y: — P(div(nVy)) —u) +(§, e — eAn+y - V) pass(g),12(Q)
has a stationary point (nf,y’, u’, ¢, z), see e.g. [10]. In particular, we have
Le=0,L, =0 = primal equation,
L,=0,L, =0 = adjoint equation,
Lu=0 = optimal condition.

Expressing these facts in PDE form we obtain the following result.

Theorem 4.9. Let (n},y*,uf) denote an optimal solution of Problem 4.3 and let
(&,2) be an associated Lagrange multiplier. Then they satisfy the following equa-
tions.

Primal Equation:

ye — P(div(nVy)) = u,
yloo =0, ¥li=o = yo,
N —eAn+y-Vn=0,
M=o =15, nlog = m.
Adjoint Equation (in the weak sense):
—z; — div(nVz) — nVE =0,
—& —eA{+y - VE+Vy : Vz=1n—1,

Z|t:T - 07 nlt:T = 03
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where Vy : Vz is the matriz inner product of Frobenius type.
Optimality Condition:
au = z.

Next we consider the relation between the minimum of Problem 4.1 and Prob-

lem 4.3. Let (n*,y*,u*) and (n¥,y*, u’) be a minimizer for Problem 4.1 and 4.3
respectively, and define

g =Jm"a"), 5 =Jnul).
Then we have

Lemma 4.10.
g < lim ge
e—0t
Proof: Consider any convergence subsequence (7, y*, u}) for € — 0% (we use n
to replace €” for simplicity), and suppose it converges to pair (1,y,u) weak star in
the space L>=(Q)N H'(H™1) x L*(V) N H'(V*) x L*(Q). By similar argument as
in Theorem 3.2, one can find that (n,y,u) satisfies (3.1) - (3.5). By definition, we
have
7 <J(mu) < lim 5",

en—0t
Since the above inequality holds for any convergence subsequence with €® — 0T,
we have the conclusion. O
From above lemma, after solving the approximated optimal control problem, we
find an upper bound for 3*, but it is no guarantee on lower bound. To obtain the
lower bound, we will discuss the case of L?(V*) control in the next section.

5. OPTIMAL CONTROL IN L?(V*) SPACE
Define the cost function J as
1 _ o B
(5.1) J(n,u) = §||77 - 77”%2(62) + §||‘1H2L2(V*) + gHV)’H?L’s(Q),
where [ is a given small positive constant. The optimal control problem associated
with equation (3.1) - (3.5) is:
Problem 5.1.
min J(n,u), such that equations (3.1) - (3.5) hold.
The regularity term gHVyHiS(Q) is utilized to pass to the limit with respect to

€ — 0% in the bilinear form n°Vy¢. This is further discussed in Remark 5.1.

Theorem 5.2. Ifyo € HNW13(Q), then there exists at least one optimal solution
which satisfies (n,y,u) € L=(Q) x L*(V) N L3(W13) N HY(V*) x L2(V*) for the
Problem 5.1.

Proof: We only need to check the feasibility of the Problem 5.1. Choosing y(t) =
yo, we have y € L?(V) N L3*(W13) and y,; = 0. Let n(t) satisfies the equation
m+y - V=0, n(0)=rno.
Due to Theorem 4.1 in [11], n € L*°(Q). Then choose u € L*(V*) such that
<ll, V>L2(V*),L2(V) = (nVy, VV)7 Vv € LQ(V)
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One can verify that (7, y, u) satisfies equation (3.1) - (3.5) and the desired regularity
assumption. Hence the Problem 5.1 is feasible. Then following the argument as in
Theorem 4.2, we have the existence of an optimal solution. O

To consider the approximating problems, we define the function spaces for vis-
cosity and velocity as

(5.2) X, = LA(H*) N L>®(HY)Y N HY(L?),
(5.3) Yo ={v:ve > (V)NL®H)NH(V*),Vv e L*Q)}.
Recalling the definition of Vr, we clearly have that Y, = TTYQ. Recalling the

operator o on V as Y (y) = y(0). We denote the kernel of 2, by Vro. Let the
closure of Vr o in Y3 be Y5 and I, be the quotient space

I, =Y,/Ys,.

One can verify the linear map =y can be continuously extended to Y, such that
1y : Yo — I is surjective. The Banach space I, is the initial data of the function
in Yo, and we have

W'¥NHCI, Cc H.
If the nonlinear map e€ is defined as
e ei1, € y —div(nVy) —u, y(0)—y
4 _ 1,1 12 )\ Yt nvy ) 0
(5-4) ey, ) ( €21, €39 ne—eAn+y-Vn, n0)—-n5 )’
then we have

Lemma 5.3. The map e acts from Xy x Yo x L2(V*) to L(ve), L
D 2 2 LQ(Q)7 Hl .

Moreover, it is Frechet differentiable.

Proof: The proof is quite similar to the proof of Lemma 4.8. First we check
that e is well defined. Notice that X5 < L%(Q). Then for any given (n,y,u) €
X5 x Yo x L2(V*), by virtue of Lemma 4.5,

[div(nVy)lLzve) < 1MVyllL2@) < Clinllze@ VY s @),
neXyy€eYy=y-VneL*Q).
And by the definition of I, the initial condition is also well defined. O
The optimal control problem associated with approximated system is:
Problem 5.4.
min J(n,u), such that e‘(n,y,u) =0.

Similar to previous case, we have the existence of an optimal solution this prob-
lem.

Theorem 5.5. Assume yg € L, then for Problem 5.4, there exists at least one
optimal solution which satisfies (n,y,u) € Xo x Yo x L3(V*).

Then let (nf,y*,u*) be one optimal solution, the existence of the Lagrange
multiplier (¢,z) € L?(Q) x L?(V) can be obtained by the similar technique as in
L?(Q) control case. The key step in the proof is to show surjectivity of the map
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2 *
es(nk,yr u), i.e. for any ( 5217’ 2121 ) € ( éggg))7 %T/l ), we need to verify

that there exists (07, dy, du) which satisfies:

( Syt — div(6nVy?) — div(n;Véy) —du =g )
one — eAdn + 0y -Vl +y: - Von =gs )’

with initial condition
oy(0) =ar
n0) =g

By definition of I,,, we can find dy € Y, such that §y(0) = q1. Then let dn satisfy
the equation

oy — A +yr -V = go — 0y - Vnl,  6n(0) = go,

with zero Dirichlet boundary condition. Lemma 4.5 implies that dy - Vn! € L3(Q),
and hence 0n € Xs. Let

u =0y — div(onVy?) — div(niViy) — g1.
We have
(0u,v) = (8ys,v) + (6nVy:, Vv) + (i Voy, Vv) — (g1,v), Vv e L*(V).

Then X5 — L%(Q) implies du € L?(V*), which verifies the surjectivity of the map
eS(nf,y:,u). Hence there exists a Lagrange multiplier (z,¢) € L*(V) x L*(Q),
such that the following Lagrangian is stationary at the point (n*,y*, u*,&, z):

65 LoywEn) = - il + 2 lulZae + 219yl
2,y — div(nVy) — ) r2(vy,r2(ve) + (&0 — €A +y - V).
Similar to Theorem 4.9, the optimal system can be obtained by taking the derivative
of Lagrangian:
Le=0,L, =0 = primal equation,
L,=0,L, =0 = adjoint equation,
L,.=0 = optimal condition.

The optimal solution (7}, y¥, u}) and the associated Lagrange multiplier (¢, z) sat-
isfy the optimality system. We can also interpret the optimality system in PDE
form:
Primal Equation:
yt — div(nVy) = u,
yloo =0, yli=o = Yo,
ne —eAn+y-Vn =0,
Nlt=o =n5,  Mlog = m.
Adjoint Equation:
—z; — div(nVz) — nV§ — div(|Vy|Vy) = 0,
& —eAE+y -VE+Vy:Vz=n—n,
Zli=r =0, n|=r =0.
Optimality Condition:
au = —Az,
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where the first equation in the primal equation and the optimality condition are in
space L?(V*).

Let (n*,y*,u*) and (n},y},u’) be one minimizer for problem 5.1 and problem
5.4 respectively, and define

7=Jdm ), gt =J0ug).
Then Lemma 4.10 can be improved to the following theorem.
Theorem 5.6. If we assume that n§ — 19 in L5(Q), then
J° = lim 5
e—0+
Proof: Follow the argument in Lemma 4.10, we have

7" < lim -
e—0+t
To check the equality, we note that for any given y € Y5, we can find a unique
(n(y,e),u(y,€)) € Xox L?(V*) which satisfies equations (3.6) - (3.10). By definition

< J(y,e),y,uly,e), Vye€Ys.

Particularly, we can choose y = y* since y* € Ys. If we denote nAe =n(y*,e) and
u¢ = u(y*,e), then

(5.6) u’ =y; —div(n"Vy"),
(5.7) n; +y* Vot =0,

(5.8) u = y; — div(*Vy”),
(5.9) ne, — eANE+y* -V =0,

where equation (5.7) is completed by the initial condition (3.5) and equation (5.9) is
understood with the initial and boundary condition (3.10). By a similar argument

as in Corollary 3.4, we can prove that after passing to a subsequence, n” — n* in
L5(Q). Subtracting (5.6) from (5.8), we have

* oy ((77* - ﬁ)Vy*’ VV)L2 *
lu* — W) p2evey = sup @D <y
vEL? (V) NAZII2IE))

Since " — n* in L(Q) and Vy* € L3(Q), we obtain u? — u* in L2(V*). Then

— 0"l Le @) IVY* |22 (@)-

U< I ytoat) = Ity ut) = gt
which gives
J° > lim 5°
e—0*

This leads to the conclusion.O

Remark 5.1. The above treatment in this section so far is to add an extra reg-
ularization term in the cost function, for both the original problem and approzi-
mated problem. Alternatively, we can keep the cost function in the original prob-
lem as in (5.10), and modify the cost function in the approximated problem to
T,y ) = lln=7l72.0) + §1llZz ey + 51IVY 25 () Then with the additional
regularity assumption’y* € Yo for the optimal solution y* (of the original problem),
we still have Theorem 5.6.
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Remark 5.2. In the paper we consider the control variable u acts on the whole
domain . In practical people may be interesting in that the control u is only on
some subset Q@ C Q. In that case, we need to modify the underlying Stokes system
slightly:

yi — div(n(Vy)) + Vp = Bu,

divy =0, yloa =0, ¥li=0o= Yo,

ne+y-Vn=0,

77|t:0 =To-
Where the contfol operator B can be defined as follows. In the L~2(Q) control case,
B € L(L*(L*(Q)), L*(Q)), it stands for the 0 extension in Q\Q. Hence B is an

isometric from L?(L*(Q)) to a subspace of L*(Q), i.e.
||UHL2(L2(Q)) = [|Bul|r2(q)-
In the L?(V*) control case, the definition for B is more dedicate. Let
V={y:yeH\),divy = 0.}

Firstly we observe that V is a closed subspace of V. For any bounded linear func-

tional 1 on V, we can easily extend it to a bounded linear functional I on the space
V by

o ={ " TV

Then | — 1 defines a bounded linear operator By from V* to V*, moreover, B is a
norm preserved map, i.e.

1Billlv = .-
Hence we can define a bounded linear operator B : L2(V*) — L2(V*) by
(Bu)(t) = Bi(u(t)), fora.e.t.

The remaining work is to check that B is well-defined. It is clear that B is linear

map. And for any given element u € L?>(V*), we have

T T
IBul[22 v = / 1B ()3 dt = / @15 dt = llal7z g -

Then we will check all the previous results also hold for this case. For the optimality
system, i.e. Theorem 4.9, we only need to replace the optimality condition au = z
by au = B*z. And for the relationship of the argmins, thank to the norm preserved
property for the control operator B, Lemma 4.10 and Theorem 5.6 are also valid in
this case.

Open Issue.
We close our paper by describing some open issues. For this purpose, we consider
the quadratic cost function
1 - «

(5.10) J(n,u) = §||77 - UH%Z(Q) + §||u||L2(Q)7
and the associated optimal control problems
Problem 5.7.

min J(n,u), such that equations (3.1) - (3.5) hold.
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Problem 5.8.
min J(n,u), such that equations (3.6) - (3.10) hold.

Let (n*,y*,u*) and (n},y?, u’) be optimal solutions for Problem 5.7 and Prob-
lem 5.8 respectively, and define

;=Jm"a"), 5 =J0n ag).
Then by similar arguments as in Lemma 4.10, we have the inequality
(5.11) 7F < lim -

e—0t

In general we can not expect that equality holds in (5.11). The gap between j¢ and
7% is due to the non-uniqueness of the solution to the equations (3.1) - (3.5). If
assumption 5.9 holds, then the equality also holds in (5.11).

Assumption 5.9. There exists an optimal solution (n*,y*,u*) for Problem 5.7
which can be approximated by triples (n™,y™, u™) which satisfy the system (3.6) -
(3.10) (with € = €™), where ¢ — 01. The approximation for * and u* are in the
strong topology of L?(Q).

To verify that equality holds in (5.11), we only need to prove

g > lim 5°
e—0+

By assumption 5.9, we can find a sequence of €”, such that (n",y",u"™) solves
system (3.6) - (3.10) with e = €, and (n™,u™) — (n*,u*) in the strong topology of
L?(Q) x L?(Q). Hence

< It = St =l + S0 g = T u) = 5
This implies 7* > lim,_,y+ <.

The investigation of assumption 5.9 is still an open issue.
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