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Abstract

Lagrange multiplier rules for abstract optimization problems with mixed
smooth and convex terms in the cost, with smooth equality constrained
and convex inequality constraints are presented. The typical case for the
equality constraints that the theory is meant for is given by differential equa-
tions. Applications are given to L'-minimum norm control problems, L*-
norm minimization, and a class of optimal control problems with distributed
state constraints and non-smooth cost.



1 Introduction

In this paper we discuss non-smooth mathematical programming problems,
which in part rely on convexity, to the other part on regularity assumptions,
more precisely we consider

min F(y) = Fy(y) + Fi(y)
(P)
SUbjeCt to Gl(y> = 07 G?(y) S 07 Yy e Ca

where Fy and G, are C' mappings, F; and Gy are convex, and C denotes
a set of additional constraints. Since the range spaces of G, Gy are not
necessarily finite dimensional, the notion of convexity will have to be made
clear. The focus on the research lies on the derivation of optimality conditions
which can be expressed as equations rather then differential inclusions. This
can be achieved by means of Lagrange multipliers. One motivation for this
procedure is given by the fact that that nonlinear equations are simpler to
realize numerically than differential inclusions. If all operations in (P) are
smooth, then the Maurer-Zowe-Kurcyusz [MaZo|, [ZoKu] conditions provide
the Lagrangian framework that we are looking for. In the case that non-
differentiable terms arise in the problem formulation, an analogously general
framework does not appear to be available. The typical case for the equality
constraints that we have in mind is given by differential equations. Typical
cases for I are L' and L™ type functionals. The former arise in the context
of sparse controls, see e.g. [CK, WW] and L' data-fitting, see e.g. [CJK] and
the references given there, the latter, for example in the context of minimal
effort optimal control problems.

The approach that we follow here to derive Lagrange multiplier rules
essentially rests on the use of Ekeland’s variational principle [E]. It has
been used in a series of papers focusing on state-constrained optimal control
problems, [C, CY, LY]. As we shall demonstrate, however, the technique is
general, and quite constructive, in the sense that the Lagrange multipliers
are the limits of expression resulting from asymptotic expressions resulting
from the variational principle. The approach follows the line of the possibly
non-qualified form, i.e. there appears also a multiplier associated to the
cost F'. Special attention must made to guarantee that at least one of the
multipliers is nontrivial, and in particular, that the multiplier associated to
F' is nontrivial.



We next briefly outline the contents of the paper. In Section 2 the case
were the range spaces of G; and G, are finite-dimensional is treated. The
case of infinite dimensional image spaces is considered in Section 3. To guar-
antee non-triviality of the multipliers, we need regularity conditions are. The
conditions that we utilize can be seen as generalizations of the Maurer-Zowe-
Kurcyusz conditions from the smooth to the convex case. The following three
sections are devoted to three applications: L'-minimum norm control prob-
lems, which arise in the context of optimal control with sparsity constraints,
L*-norm minimization, and a class of optimal control problems with dis-
tributed state constraints and nonsmooth cost. The applications presented
here do not aim for strongest generality and can certainly be extended in
future work.

2 Finite Dimensional Range Case

In this section we investigate (P) for the case where the range spaces of the
mappings GG; and G are finite dimensional. The following assumption will
be supposed to hold troughout.

(F=F(y) + F),

where Fy € CY(X,R) and F} : X — RU {oo}

is convex and continuous on the effective domain,
G, € CY(X,R™),
Gy : X € C(X,RP), with (G3); convex ,

\ C C X is closed and convex.

Here X denotes a real Banach space. The effective domain {v € X : Fj(v) <
oo} will be denoted by domF;. We have the following necessary optimality
condition.

Theorem 2.1. Let (H1) hold and let y* € C be a local minimum of (P).



Then there exists a nontrivial (Ao, f1, pia) € RT X R™ x R? such that
(2.1)

Mo (Fo(y*)(y —y*) + Fily) — Fa(y*)) + (11, Gy (y*) (y — y7) Jmem
+(p2, Go(y) — Ga2(y*))re > 0 for all y € C N domF,
pe >0, Ga(y*) <0, (p2,Ga(y*))re = 0.

Proof. For € > 0 define the regularized functional

Jow) = (Fw) = Fy) + ") + |GL(w)2n + | max(0, Ga(y))2)*

Then J, is continuous on domF; and € = J.(y*) < inf J.+¢e. The norm on X
in a natural way defines a metric on C by means of d(y;,y2) = |y1 — y2|x. By
the Ekeland variational principle, see e.g. [Cl], pg. 266, there exists a y° € C
such that

J(y) < J(y*),
(22) Jé(y) o Jﬁ(ye) > _\/Ed(y7y€> for all ye Ca
d(yS,y*) < Ve

Choose y € C N domFy. Throughout we assume that e € (0,1). Then in
particular {y¢ : € € (0,1)} is bounded. We further set

Y :ye_i_t(g_ye)’ te (071)7
and
(2.3) fy = Gi(y°) € R™, ﬂ;’t = max(0, G2(y:)) € RP.

By convexity of C and Fj it follows that y; is in the effective domain of
F) and y, € C. Setting y = y; in (2.2), we have

(2.4) —Ved(y, y) < Je(y) — Je(y°).

For the following estimate we use
\/Z |ai|2 - \/Z ’blP = \/Z|ai|2‘1|‘\/2|bi|2 Z(al + bi? a; — bl)

Then from (2.4)




(2.5)
—ved(y:, y°)

< oo 169 (F(w) — Fy*) + % — (F(y) — F(y*) +€)*)
+(1G1(ye) i — |G1(y) |2 + (| max(0, G2 (y:))[3» — | max(0, Ga(y))[2s) ],

where
a' = ((Fly) = Fy") + )" + (F(y) — F(y*) + €)7).

The three additive terms on the right hand side of (2.5) are considered next.
For G; we use that for every n > 0 there exists 6 > 0 such that

! ! * 77 . *
IG1(y) = Gyl < 5 i Jy —y7] <.

As a consequence there exist €(n) and ¢(n) such that

(2.6)  NGi(y) = Gi(y")l <n forall € € (0,¢(n)), t € (0,£(n)).

We can choose €(n) and ¢(n) such that in addition

(2.7) 1£5(ye) — Fo(y) |l < for all e € (0,€(n)), t € (0,£(n)).

For every € € (0,1) there exists ¢(e) > 0 such that for all ¢ € (0,t(¢))
(E(y) = F(y*) + )(F(y) = F(y") +¢) 2 0.

Together with convexity of Fj this implies that for ¢ € (0,(e))

(2.8)
a“t (F(ye) = F(y*) + )t — (F(y) — F(y*) + €)7) < a“'(F(y) — F(y))

<Gt fy Fylsy+ (1= 8)y) (5 — ) ds +t (5 — o)
<&t (tEN(y) (5 — v) + t Fu(y) (G — o) + o(lye — ¥°]))
where in the last estimate we used (2.7), and

tw—y) =y — v and sy, + (1 — 5)y° = Y.



For the second term on the right hand side of (2.5) we find

1G1(y) [fm — |G1 () [Bn = (G1(we) + G1(y), G1(ye) — G1(4)) g
= (2G1(y), Gr(yr) = G1(Y)) g + |G (9r) = G1(Y)[om < (2G1(y), GL(Y) (01 = ¥)) g
+2| Gy )l fo IG5 (s e+ (1= 9)y°) = GL(y ) lem ds lye — y°lx + |Gr(mr) — Ga(y) B
< 2(A5, GL ) (e — y))rem + ollye — y°|x) = 2(A1, GLY°) (Y — y))rm + o([2]),

where in the last inequality we used (2.6). Turning to the third term on the
right hand side of (2.5) we estimate using convexity of v — | max(0, v)|%,

| max(0, G2(ye))[f» — | max(0, G2(y°)) [z
< (2 maX(O, Gg(yt)), GQ(yt) - GQ(ye) )Rp <t (/J“;t7 G2(Q) - GQ(yE) )]RP’

where in the last estimate we used the coordinate-wise convexity of GGy and
the notation introduced in (2.3). Combining these estimates we arrive at
(2.9)

—Ved(y,y°)

< s [ (R () (0 — y°) + tF() — Fi(y)))+
2 (15, G (y) (e — ¥))rm + 2t (715", Ga(§) — Ga(y%) ) o] + 0 (1)),

for all ¢ € (0,%(¢)). Let

~et ~et
et a” €t 21“7

€t € €t et
= ;o p = s p =, g), g 2 0.
T + 9 7o) + 95 o £57), - 45

Taking the limit as ¢ — 0" implies that

)\0,6 = limt—)0+ aE,t — (F(ye)_F(y*)+E)+ lIl R,

Je(y*)
and
ILLE — limt_>0+ ILL€7t _ (Gl(ye)’rji);(:;’02(ye))) 111 Rm % Rp.

We have Ao > 0, u5 > 0 and

(210) |()\0,67NE)|R><]R7"><RP =1



Dividing (2.9) by ¢ and letting ¢t — 0T, we obtain
—Ved(9,y) < Ao (Fo(y) (9 —y) + F1(9) — Fi(y9))

+(ug, GLY) (G — y))rm + (15, G2(9) — G2(¥°) )re-

Since {(Age, pt€) 1 € € (0,1)} is bounded in R x R™ x RP, there exists (A, 1) €
R x R™ x RP and subsequences such that pu¢ — g = (1, u2) € (R™ x RP),
and Ao — Ao > 0 as e — 07, and we find

0 < Xo (F§(y") (5 —y*) + Fi(9) — Fi(y))

+(p1, GL Y )G =y ))rm + (12, G2(7) — G2(y*) )re,s

for all g € C with gy in the effective domain of F;. Moreover |(Ag, )| = 1 and
hence (Ao, ) is nontrivial.

Since p§ > 0 and (us, Go(y©))re > 0, it follows that s > 0 and (us, Go(y*))re >
0. Moreover Gy(y*) < 0, and thus (u2, G2(y*))re = 0. O

3 Infinite Dimensional Range Case

Let X,Y and Z be a real Banach spaces, and assume that the unit balls in
Y* and Z* are weakly sequentially compact, which is the case, for example,
if X|Y,Z are separable. Further let K’ C Z be a closed, convex cone with
vertex at 0, which introduces an ordering on Z such that u <wvifu—v € K.
As in the previous section we consider the minimization problem

(P) min  F(y) subject to G1(y) =0, Ga(y) <0, yeC,

where G : X = Y, Gy : X — Z. To state precisely the conditions that will
be used we require some preliminaries. The max-operation in max(0, Go(y))
will be replaced by the distance functional to K given by

It is convex and Lipschitz continuous [Cl], pg 50. The convex sub-differential
of dk is defined by
0di(2) ={£ € Z" 1 dk(2) —dg(2) > ({,z — 2) for all z € Z},

where Z € Z. It was verified in [LY] that ||z« = 1 for all £ € Jdk(2)
whenever Z ¢ K. Let us note in passing that ddg(Z) is a singleton for any
z ¢ K, if Z* is strictly convex.




Definition 3.1. G5 : X — Z is called d-convez, if
r — (£, Ga(x)) 2+ 7z is convex for all § € Idk(Z)
for all z € Z.

To put this condition into context with the common definition of convex-
ity for operators between Banach spaces, let us recall [ET] that G : X — Z
is called convex with respect to the ordering introduced by the cone K C Z,
if

(3.1) Ga(hu+ (1 — A)v) < AGa(u) + (1 — N)Ga(v),

for all u,v € K, and A € (0,1). Note that, if

(3.2) dg(2+2) <dg(2) forallze Z, zeK,
then
(3.3) (€,2)z+2 <0 forall ze€ K, £€ddk(z), and 2 € Z.

Thus, if (3.2) holds, then d-convexity in the sense of Definition 3.1 and
convexity as in (3.1) coincide. In case Z = LP(2) or Z = C(Q?), and K = {z :
z < 0a.e.}, we have dx(G2(y°))) = | max(0, G2(y°))|, where the maximum is
taken pointwise almost everywhere, and (3.2) holds.

Throughout this section the following assumption is supposed to hold.

This is condition (H1) with the requirements on G replaced by
(H2) Gi: X =Y isCH
G5 : X — Z is d-convex and continuous.

In the finite dimensional case (2.10) together with subsequential conver-
gence of (Ao, ) allowed us to argue that the triple (Ao, 1, f12) is nontrivial,
and hence guaranteed that the optimality condition (2.1) is qualified. In the
finite dimensional case, since the norm is only weakly lower semi-continuous,
rather than weakly continuous, an additional condition is required to estab-
lish that (Ao, g1, p2) is nontrivial. We use the regular point condition specified
in the following theorem.



Theorem 3.1. Assume that (H2) holds with Y = R™ and that the regular
point condition

(3.4) 0 € int {Ga2(y) — G2(y*) — K + Ga(y"), y € CNdomFy}

is satisfied. Let y* € C be a local minimum of (P). Then there exists a
nontrivial (X, pi1, p2) € RT x Y* x Z* such that
(3.5)

Mo (F5(y)(y —y*) + Fily) — Fi(y*)) + (11, GLy) (Y = ¥*) ) g
+( p2, Go(y) — G2(y*) ) z+,2z > 0 for all y € C N domFy,
(2, 2) 7+ 2z <0 for all z € K, Go(y*) <0, (p2,G2(y") )z-2z = 0.

Proof. We first proceed as in the proof of Theorem 2.1 with the definition of
J. replaced by

(S

Je(y) = (F(y) = Fy") + o)) + 1G1(y)§ + dx(G2(y))?) *,

where we do not yet assume that Y = R™. Again v, = y°*+t(y—y°), t € (0,1),
with § € C N domF}.

We first assume that there exists a subsequence of €, denoted by the same
symbol, such that Gy(y®) ¢ K for all ¢ sufficiently small. The converse will
be considered further below.

The first term on the right hand side of (2.5) is estimated as before. To
estimate the second term we first note that

(3.6) Gi(y)ly — |Gy < 2<ﬂi’t>G1(yt) — Gy )y,
where i7" € 0p(G1(y;)) and o(v) = Y . Since dyp coincides with the duality
mapping F': Y — Y* see e.g. [M], pg 44, we have

|85 v+ = G (ye)ly-

In particular for each fixed € > 0 the family {i$" : ¢ € (0,1)} is bounded in
Y*. Since the unit ball in Y* is assumed to be weakly sequentially compact,
there exists a subsequence, denoted by the same symbol, that converges
weakly* to some 1§ € Y* as t — 0. Passing to the limit in

e(Gi(y)) + (A7 v — Gi(ye) vy < p(v), forv ey,

8



we find

o(G1(y)) + (A5, v — G1(¥°) )y=y S p(v), forve,

and hence fif € dp(G1(y°)) and |/
estimate

(i7", Gi(y) — Ga(y")) — ti5, Gh(y) (5 — )
= (07", Gi(y) — Gi(y) — tGL(y) (5 — o) + t(a" — a5, GL(ye) (5 — v°)) = o(]t]),

where the duality products are taken from Y to Y*. Combined with (3.6)
this implies

(3.7) 1Gi(y) [y — [GL(y) ]y < 2t (g, G'(y) (@G — y°) )y-y + o(|t]),

where fi5 € 9p(G1(yf)).
For the third term we obtain

dr (G2 (ye))? — dre(Ga(y°))?
= (dx(Ga(yr)) + dr(Ga(y7))) (dx (Ga(yr)) — dr (Ga(y7)))
< (dx(Ga(yr)) + dr(Ga(y))) (s Ga(yr) — G2(Y7)) 242

t(dr(Ga(yr)) + dr(G2(y7))) (&, Go(9) — Ga(y°)) 2+ 2,

di (G
where & € Ok (Ga(y:)) and in the last estimate we used d-convexity of Gb.
Setting

(38) A" = (di(Ga(w)) + di(Ga(y))) &, with & € ddi(Ga(yr)),
we thus have
(39)  di(Galy)® — di(Ga(y"))? < t (5", Ga(§) = Ga(y ) 2+ 2.
As in the proof of Theorem 2.1 we set
a“ = ((Fy) = F(y") + )" + (F(y) — F(y") +€)") and ji] = 2G1(y°).
Combining (2.5) with max(0, G) replaced by dg(Gs), (2.8), (3.7) and (3.9)
we arrive at
(3.10)
—Ved(y, y°)

< S A (EF(y) (G — y) + HF(G) — Fi(yY)))

+2 (A1, G1Y)(G — y )=y +1 (35", Go() — Ga(y)) 2z 2] + o ([t)),

v+ = |G1(y°)|y. For t — 0* we have the

IN

9



for all t € (0,%(¢)). Let

~ et ~€,t

€
et o t 2[5 et Mo

Q= y M o= y Mo = :
Ty + Ty 7 Ty + Iy TP Tye) + Je(ye)

Taking the limit as t — 0T we have

— 1 b F@)-Fy*)+o* 1 et _ 1S
/\0,6 T 11Int—>0Jr as = Je(y°) ) /Li T hrnt—>0jL Hy = Je(;e)'

Since Go(y°) is not in K by assumption and since K is assumed to be closed,
it follows that Ga(y:) ¢ K for all ¢ > sufficiently small. As a consequence
|&¢| 7+ = 1 for all ¢ sufficiently small. Since by assumption the unit sphere in
Z* is weakly sequentially compact, there exists a subsequence that converges
weakly-star to some element &° € 0dg(Ga(y:)) as t — 0F. We have

e v er Ak(Ga(yY)) &

Since |£.|z« = 1 as a consequence of & € Jdk(G(ye)), and since ||y~ =
|G1(y°)|y, we have

(3.12) Moy 1) [rxy-xze = L.
Moreover, Ao > 0. Dividing (3.10) by ¢ and letting ¢ — 0", we obtain
—Ved(,y°) < Ao (Fo(y) (@ — ) + F1(9) — Fi(y))
11 GLY)NG — Yy Dvey + (15, G2(9) — G2(y°)) 2+ 2-

Since {(Age, p5, 15) = € € (0,1)} is bounded in R x Y* x Z* there exists
(Mo, i1, p2) € R x Y* x Z* and subsequences, denoted by the same symbol,
such that Ao — Ao > 0, (uf, 1§) — (p1, p2) weakly*, as e — 0%, and we find

0< Ao (Fy(y")(@ —y") + Fi(9) — Fi(y))

+(u1, GLW) (G — ¥*))vey + (p2, G2(9) — G2(y*)) 2+ 2,

(3.13)

(3.14)

for all y € C with ¢ in the effective domain of Fj.
To argue complementarity, note that

&,y — Ga(y7)) < —dg(Ga(y°), for all y € K,

10



since & € ddi(Ga(y°)), and hence

(us,y — Go(y7)) <0, forall y € K.
Taking the limit ¢ — 0 we find
(3.15) (2, y — Go(y*))z+z <0, for all y € K.

Since K is a convex cone, we have y + G5(y*) € K for any y € K. This
implies that (us,y) < 0, for all y € K and in particular (us, Go(y*)) < 0.
Setting y = 0 in (3.15) we have (u2, Go(y*)) > 0 and hence (12, G2(y*)) =0,
as desired.

Now we consider the case that Go(y°) € K for all ¢ sufficiently small.
The |&]z- < 1 for all ¢ >. By (3.8) and (3.11) it follows that u§ = 0 for all
e > 0 sufficiently small. Consequently p? = 0 as well, and we can follow the
above steps to argue that again (3.5) holds.

It remains to argue non-triviality of (Ao, p1, p2) in (3.14). Henceforth we
assume that Y = R™. Then the subsequence that we chose from u§ converges
strongly to .

Assume that (A, p5) — 07 as e — 0. We shall show that (3.4) implies
that s is nontrivial. First note that as a consequence of (3.12)

2 _
2. = 1.

(3.16) Lim (A + |45 [am + 1115

7+ ) = lim |ui5

Since £° € 0dk(Ga(y:)) we have (€5, y — Go(y°)) 2=z < 0 for all y € K, and
hence

(3.17) (45,9 = Ga(y°)) z».z < 0 for all y € K.
From (3.13) we deduce that
—0(e) < (pz, Ga2(9) — G2(y°)) 2+,

where O(g) denotes a quantity that converges to 0 as ¢ — 07 and § €
C NdomF;. Combining these two statements we find that

(3.18) —0(e) < (13, G2(9) —y))z-z < O for all y € K.
From (3.4) it follows that there exists 0 # zo € Z and p > 0 such that

Go(y) —y =20 +n

11



has a solution (7,y) € (CNdomFy) x K for all n in the ball By (0, p). Hence

—(us, )z« z < (U5, 20) 2z« z + O(e) for all n € By (0, p).

Taking the supremum of the left hand side over n € By (0, p), we obtain

pluslz- < (13, 20) z+,z + O(e).

By (3.16) we obtain
p < (p2,20) 2+ 2

Hence po = 0 is impossible. O]

As a consequence of the proof we find the following corollary which pro-
vides modifications to assumption (3.4).

Corollary 3.1. If instead of (3.4), the cone K contains an interior point,
or 0 € int{Gy(y) — Go(y*) : y € CNdomF}, the conclusion of Theorem 3.1
remains correct.

Proof. We proceed as in the proof of Theorem 3.1. Choosing y = y* in (3.18)
we find
—0(e) < (13, G2(y") —y)y+y forall y € K.

If int K # () there exists a ball B(zg,p) C K, where z5 can be chosen differ-
ently from Gs(y*). Consequently

— (U5, M z+,z < (3, G2(y*) — 20) 2=,z + O(e), for all n € B(0, p),

and we can argue as in the proof of Theorem 3.1 that us # 0.
Turning to the case 0 € {G2(C N domF;) — Ga(y*)}, note first that by
(3.17) and (2.2)

(13, y — Go(y")) 2.2z < (3, G2(y°) — G2(y”)) 2z, for all y € K.

Using 0 € {G2(C NdomFy) — Ga(y*)} we can argue that there exists zg # 0
and p > 0 such that

(u5,m — z0)z+.z < O(e), for all n € B(0, p),

which allows to conclude that py # 0. [

12



Theorem 3.2. Assume that (H2) holds with Z = RP and that the regular
point condition

(3.19) 0 € int{G\(y*)(y—vy"), ye€CndomF}.
1s satisfied. Then the conclusion of Theorem 3.1 remains correct.

Proof. In view of the proof to the previous theorem, we only need to verify
that (Ao, i1, po) is nontrivial. Assume that (Ao, u5) — 0 as e — 07, We
shall prove that p; € Y* is nontrivial. As a consequence of (3.12), we have
lim,. o+ [¢]y+ = 1. By (3.19) there exists 0 # yo € X and p > 0 such that
for any n € By (0, p) there exists y € C such that

Giy*) Y —y") =vyo+n.
Thus

~

(e, GLy ) G=y" ) vy = (Wi, yotmy-y+(ui, (G (¥)=GLYy))T=Y") )y=y,
where
[(p5, (G y) — Gy ) —y))y-y] = 0 as e — 07
It follows from (3.13) that
=g my+y < (Ul yo)y+y + O(e)

where O(e) — 0 as e — 0. Taking the supremum of the left hand side over
n € By (0, p), we obtain

Pl v < (i, yo)y+y + O(e).

Since lim_,g+ |u§|y+ — 1, letting e — 0T, we obtain
p < (1, Yo)y=y-
Hence 11 = 0 is impossible. O]

Combining the regular point conditions of Theorems 3.1 and 3.2 results
in the condition

_ < {G (v )y —y") -y e CNdomFy} )
(3.20) 0 € int

{Gy(y) — k:CNdomFy,k € K}

13



where the right hand side is a subset of Y x Z. In the following theorem we
shall show that (3.20) implies that (Ao, 1, 2) is nontrivial without requiring
finite dimensionality of the range spaces of either Gy or GG5. This is a simple
consequence of the proofs of Theorems 3.1 and 3.2. Moreover, (3.20) is a
sufficient condition for normality, i.e. Ay # 0.

Theorem 3.3. Assume that (H2) and (3.20) hold. Then the conclusion of
Theorem 3.1 remains correct. Moreover the solution y* to (P) is normal, i.e.
the necessary condition (3.5) holds with Mg = 1.

Proof. If Ao — 0 then by (3.13)
—0(e) < (5, GYW )G = ¥°) vy + (15, G2(9) — Ga(¥°) ) z+.2-
Using (3.17)
~0(e) < (p5, G )G —y°) vy + (15, Ga(9) — y ) z- 2 for all y € K.

The regular point condition (3.20) implies the existence of (yo,20) € Y x Z,
both nonzero and p > 0, such that

0 < (ui,m+yo)vey+ {13, m+2)z2z+0(e), for all (n,n:) € BYxZ(07P>~

This implies that

pl(ps, 13)ly+z- < (1l vo)y=y + (M3, 20) 2.2, +O(e).

Passing to the limit we find, using (3.12),
p < (p1,%0 )v=y + {H2, 20) 2+ 2,

and hence pq, 1o cannot both be 0.

To verify the second assertion of the theorem we once again use the regular
point condition (3.20). Hence for all (fi, fi2) belonging to a neighborhood of
0in Y* x Z*, there exist elements y € C NdomFy, k € K such that

(11, fi2) = (G (Y)Y — y7), G2(y) — Ga(y™) — k + Ga(y")).
Consequently

(s )y=y + (o, flo) 2+ 2
= (1, GLy*) (Y — v*) )yey + (2, Ga(y) — Ga(y*) — k + Ga(y*) ) 2+ 2-
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Note that (ua, k — Ga(y*)) = (u2, k) <0 for k € K. If \g = 0, then the first
equation in (3.5) implies that
(s i)y y 42, fiz) 2=z 2 (1, Gy ) (W=y") Dy= v+ p2, Ga(y)=Ga(y") ) 2.2 = 0

for all (fi1,f12) in a neighborhood of 0 and thus gy = g = 0, which is a
contradiction. Consequently Ay > 0 and thus the problem is strictly normal.
By rescaling (g, pt1, pt2) one can set \° = 1. O

4 Ll-minimum Norm Control

Consider the optimal exit problem with minimum L!'— norm

min, . [ (f )+ dlu(t)]) dt  subject to

(1) L = bt > u<t>>, #(0) = 0,
g(x(1) =0, |u(t)|lgr < for a.e. t,

where 6 > 0,29 € R" and f : R® — R, b : R* x R* — R", g : R* —
R™ are smooth functions. We have two motivations to consider (4.1). In
the context of sparse controls the pointwise norm constraints, allow us to
avoid controls in measure space. In fact, an L'— cost for the control in the
cost does not guarantee existence of a minimizer in this space. In the case
of time optimal control problems the term 9 fOT |u| dt can be considered as
regularization term. We shall see from the optimality condition (4.9) below
that this determines the control as a function of the adjoint by means of an
equation rather than an inclusion which would be the case if no regularization
was used.

One can transform (4.1) to the fixed interval s € [0, 1] via the change of
variable t = 7 s leading to

min, , fo (f(z(t)) + blu(t)]) dt  subject to

(4.2) La(t) = Tb(x(t),u(t)), z(0) = o,
9(x(1)) =0, u € Usa = {u € L=((0,1);R") : [u(t)] < ~}.

In terms of the notation set forth in Section 2, set y = (u, 7) and define
—T/f ))dt, Fi(u —5/ lu(t)]| dt,
Fy) = Fo(y) + 7 Fi(u),  Gly) = g(=(1))
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where z = x(+; u, 7) is the solution to the initial value problem in (4.2), given
u € Uyg and 7 > 0. In the context of the general framework we set X =
L*((0,1);R*) xR, C = U,q, G = G,. Note that 7 was not incorporated to the
definition of Fj, this would destroy its convex structure. The appearance of
the multiplying factor 7 will require us to slightly extend the general theory
of Section 3, to obtain a necessary optimality condition for (4.2).

The control problem can now be equivalently formulated as

(4.3) min F(y) subject to G(y) = 0.

(u,7)EU g XRT

We assume that y* = (u*, 7%) is an optimal solution to (4.3) with 7* > 0.
We impose that the regular point condition

(4.4) 0€int{G,(y")(v—u")+G.(y") (7 —7"):v € Upg, ™ > 0}

holds at y* = (u*, 7). We now extend the proof of Theorem 3.1 by replacing
the expression F(y;) — F(y¢) in (2.8) by

Folye) = Fo(y) + b (ue) — 7°Fi(uf),
where 7, = 7¢ + (7 — 7°), uy = u° + t(t — u®). Noting that
T F1 () — T F () = (7 — 7°) Fy (uy) + 7°(Fy (uy) — Fi(ug)))

the following steps can be carried out as before. We find that there exist a
Lagrange multiplier (Ag, 1) € RT x R™ such that

Nl (Fi(w) = Fy(u')) + (7 = ) Fy(u') + (Fy(y"))ult — u') + (Boly")) (r = 7]

" Gy ) (u— ) + " G (y*) (T — 7) > 0,

for all u € U,y and 7 > 0.

As in the proof of Theorem 3.3 the regular point condition can be used
to argue that Ay > 0 and hence by rescaling w it can be chosen to be 1. We
arrive at
(4.5)

T (Fi(u) — Fi(u®)) + (7 = 77) Fi(u”)

+((Fo(y"))u + 1" Guy)) (u—u) + (Fo(y*))r + 1" G- (y")) (r — ) > 0,
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for all u € U,y and 7 > 0. Note that for v € L>((0,1); R¥))
Gu(y")(v) = g=(2" (1)) h(1),  G-(y") = gu (2" (1))E(1),

<%wm@:ﬁﬁuvw»wmmu
<%@ﬂ»@%=£<wﬂﬂﬂu»5@mn+ﬂfumdu

where (h, ) satisfies

ih( t) = 7" (bo (2™ (1), u" () A(t) + bu(z" (), w" (t))v(t)), h(0) =0,

Eﬁ( ) =77 o (27 (1), w(1))E(1) + b2 (1), w” (1),  £(0) = 0.

Let p € H'((0,1); R") satisfy the adjoint equation
(4.7)

—%p(t) 7 (b (2 (), w (1)) p(t) + f'(2*(1))), p(1)" = p"gu(z*(1)).
Then

(4.6)

= [ (@6 0@~ 0,60 .
Using these equalities and p(1) — 17 gu(2*(1)) we have
(Fo(y")u + 1" G(y*)u) (u—u*) + (Foly™)r + 1" Gly"):) (1 — )
e <mmHmn<><wwmm%m
T—TL( )6+ F (1)
=Tﬁ)um<,uwﬂuw—ua»mmmMu+u—fﬂﬁammmww»mwmuﬁ
H(r =7 fy (f (@ (1) dt
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From (4.5) therefore we find for all u € Uyg and 7 > 0

(4.8)
(1—77) /0 (f(x*(t)) + ol ()] + (b(™ (), u*(t)), p(t))rn) dt

+T*/O ((bu(2* (), w* (£))'p(t), u(t) — w* (£))gr + 8|u(t)| — d|u*(t)])) dt > 0.

Setting 7 = 7* we obtain the optimality condition
(4.9)
0 if [bu (2 (), w* (1)) Tp(t)] <y

v =9 b ).w )l 1Y ok (T
Y @ () a0 p(D) if [by (27 (), w* (1)) p(t)| = .

Here we note that pointwise the integrand in the second expression on the
left hand side of (4.8) is the necessary optimality condition for

min (b, (z*(t), u*(t))'p(t), v)rr + 6|v|gx.

|’U‘Rk <y

Setting v = u* in (4.8) we find

410) [ (1) + 0l (0] + (0 (0. (0 pl0))se) e = .
The Hamiltonian associated to (4.2) is given by

H(t) = f(2(t) + dlu(®)] + (b(x(t), u(t)), p(t)) g,

is constant along the optimal trajectory x* and control u*. For a proof of
this fact we refer to the Appendix. Together with (4.10) this implies that

(4.11)  H(t) = f(" (1) + [u" ()] + (b(z"(t), u" (1)), p(t) )rn = O on [0, 1].

Theorem 4.1. Suppose (u*,7*) € Uyqg X RT is optimal for (4.2) with 7 > 0
and let the regular point condition (4.4) holds. Then, there exist a Lagrange
multiplier p € R™ such that the optimality conditions (4.9), (4.11) hold,
where p € H'((0,1); R™) satisfies the adjoint equation (4.7).
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The regular point condition holds if the linearized non-autonomous con-
trol system

{ Lh(t) = 7 (ba (), w* (D)) (E) + b (2 (), 0 () (u(t) — w” (1)),
(4.12)
h(0) =0, with u € Uy,

is controllable with constraints on the controls , i.e., 0 € int R(1) where
R(1) = {h(1;u) : uw € Uuq}. For example, it S = {t € (0,1) : u*(t) = 0}
contains an open interval and b(x,u) = Az + Bu is a linear control system,
such that (A, B) is controllable, then we have that 0 € int R(1).

5 L*®°-norm Minimization

In this short section we consider the L*°-norm minimization problem

(5.1) min  |Ay|r~ + Fo(y) subject to G1(y) = 0,

y€Xo

where Fy € C'(Xo,R), G € CY(Xy,Y), A € L(X, L*(9)), with Xy and YV
real Banach spaces, and the unit ball in Y* weakly sequentially compact.
Problem (5.1) can be equivalently be expressed as

(5.2) min,ep+yex, ¥+ Fo(y)
. subject to G1(y) =0, and |[Ay|r~ < 7.

To avoid complications with a constraint set that depends on the parameter
a parametrization according to y = 7z is performed and (5.2) is transformed
into

Minyept.ex, 7+ Fo(v2)
(5.3)

subject to Gy(vz) =0, z€C,
where C = {z € X : |Az|r~ < 1}. We set
r=(7y) EX=RxXo, Fly,y)=7+F®).

In this way, (5.3) is a special case of (P). We suppose that (5.3) admits a
solution ~*, z* and set y* = v*z*. Further the regular point condition

0 € {Gi(v'2")(Y'v = 7"2") + Gi(v"2")(y —=7")2" tv €Cy > 0}
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is supposed to hold. Setting v = 2v* it is implied by 0 € {G}(v*z*)v : v € C}.
Then by Theorem 3.3 there exists p € Y* such that

(Fo(v*2*) + Gi(v*2")* 1, 0 — 2%) x5 x0 2> 0, forall g € C
{ (L4 (Fg(v2"), 2% ) xg x0 + (1 GL(72%) 2" )y y ) (v = %) = 0, for all 7 > 0.
In terms of the variable y we have the optimality condition
5.4
({ <)F6(y*) + Gy ) 1 b — Y ) xs.x0 = 0, for all [Ag|pe < ~*

(v + (Fo ), u) xe x0 + (1 GLW )y )y ) (y —77) = 0, for all v > 0.

If A=1Id, Xo=L>® and F}(y*) + G| (y*)*n € L*(2) then the variational
inequality in (5.4) can be expressed as
(55) { (Fo(y™) + GL(y™) ) (x) = 0, a.e. on { [y*(x)] < v*}

v (@) = =7 sgn(Ey(y") + Gi(y")"w)(@)), ac. on {Jy* (@) = 7'},

where
1 for s >0

sgn(s) € ¢ —1for s <0
[—1,1] for s = 0.

6 A Class of State Constraint Problems

Without aiming for generality, we consider a non-smooth optimal control
problem with distributed state constraints. Let A denote the generator of a
semigroup S(t) on a real Banach space Xy, let U denote the control space and
B € L(U, Xy) the control operator. We consider the linear control system on
the fixed time horizon [0, T

{ 4y = Ax(t) + Bu(t), on (0,T]
(6.1)
x(0) = o,

where 2y € Xy and u € L?(0,T;U). The solution to (6.1) is understood in
the mild sense

x(t) = S(t)xo + /0 S(t — s)Bu(s) ds.
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The problem under consideration is

(6.2) min fOT (C(x(t)) + h(u(t))) dt
. subject to (6.1) and [ w(t)g(x(t)) dt < 6,

where 6 > 0 and w € L*>(0,T) is a weight function. Here ¢ € C(X,,R), h €
c(U, R) g E C(Xo,R) are assumed to be convex. It is further assumed that

T — f (x(t))dt, v — fo (t))dt, and u — fo u(t)) dt are elements of
C(L*(0, T Xo),R) and C(L2(0 T;U),R) respectlvely If moreover ¢g(0) = 0,
then the regular point condition will be satisfied.

Let (z*,u*) denote a solution to (6.2). To derive a necessary optimality
condition we use the framework of Section 3 with

y=(z,u) € X = L¥0,T; Xo)xL*0,T;U), Y = L*0,T; Xo), Z =R, K =R",

and

= Ji (x(t) + h(u(t))) dt
Gi(y)(t) = S(t)zo + fot S(t — s)Bu(s) ds — x(t)
= [ w ) dt — 6.

Since we assumed that g(O) = 0 and since z — fOT w(t)g(z(t))dt is con-
tinuous on L*(0,T; X,) the regular point condition can be argued. Hence by
Theorem 3.3 there exists a Lagrange multiplier (A, u) € L*(0,T; Xg) x R
associated to the solution (z*,u*). Before we show the optimality condition
let us note that

Gy (h, o) (¢ !/St—gBM)ﬁ—hU

and

/0 (G () () (1), A(1) ) dt = — / (ML), h(t) ) di + / (B*p(t), v(t)) dt.

where
(6.3) p(t) = /t S*(s —t)A(s) ds.
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Thus by Theorem 3.3 we have
(6.4)

/0 [C(x(t) = €(z7(2) + pw(t) (g((t) — g(a™ (1)) — (A(E), 2(t) — 2*(2) ) | dt

+/0 [A(v(t)) = h(u"(t)) + (B"p(t), v(t) — u*(t)) ] di = 0,

for all z € L*(0,T; Xo) and v € L?(0,T;U). Setting v = u* we find for a.e.
t € (0,7),and all u € U, x € X

U(x) = L(x(t") + pw(t)(g(z) — g(z" () — (A(t), z — 2*(t)) > 0.
Therefore \(t) € O(L(z*(t))+pw(t) g(z*(t))) € d(L(z* (1)) +pw(t)d(g(z*(t))).

Hence there exist
q(t) € 0(z*(1)), =(t) € Ag(x7 (1)),
with ¢ € L*(0,T; X}), z € L*(0,T; X)), such that
At) = q(t) + pw(t) 2(t)
and . .
/t S*(s —t)A\(s)ds = /75 S*(s —t)(q(s) + pw(s) z(s)) ds.
By (6.3) therefore

(6.5) p(t) = / 5%(s — £)(a(s) + ju(s) =(s)) ds,
which has the differential form
~Sp = A'ple) + a(t) + pu(t) (0), p(T) =0

If we let x = 2%, then (6.4) implies that

/O [A(v(t)) — h(u* () + (B"p(t), v(t) —u(t))]dt > 0
for all v € L?(0,T;U), and therefore

u*(t) = argmin,y; (h(v) + (B*p(t),v)).

Summarizing we have the following result.
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Theorem 6.1. Suppose that (z*,u*) is an optimal solution to (6.2). Then
there exists > 0 and q(t) € 0(z*(t)), 2(t) € 0G2(x*(t)), such that

i (fy w(t)g(a (1)) dt — 8) =0, and
w(t) = argmingey (h(v) + (B(a(t))"p(t), v) ),

where p € C(0,T; X{) satisfies the adjoint equation (6.5).

7 Appendix

Consider

H(t) = f(x(t) + ofu(t)] + (bla(t), u(t)), p(t)) .
along an optimal trajectory z* and control u* satisfying (4.1) with associated
adjoint state p satisfying (4.7). For arbitrary ¢ € (0,1) and h such that
t+h € (0,t) we find, setting fO(x*(t),u*(t)) = f(z*(t)) + du*(t),

H(t+h) = H(E) = H(2"(t), p(t), u*(t + h)) = H(z" (), p(t), u" (1))
+ 0> (t + h),u*(t + h)) — fO(x*(t), u*(t + h))
+(p(t+h) = p(t) - 770(z"(t), u™(t + 1))
+p(t+h) - (7°b(x*(t + h),u*(t + h)) — 7*b(z*(t),u* (t + h)))
Adding and subtracting h7*b(z*(t + h), u*(t+ h)) - Lp(t + h) on the right

hand side, using H(z*(t), p(t), u*(t + h)) > H(z*(t), p(t),u*(t)) and the pri-
mary and adjoint equations we find
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H(t+ h) —H(t)
> fO(@*(t 4+ h),u(t + h)) — fO(x*(t),u*(t + h)) — hf2(z*(t + h),u*(t + k) == (¢t + h)

o+ B) = p(0) - 7D (¢ ) (4 ) — WD (64 By b (14 ), (¢ + )

+p(t + h) - 7 (b(*(t + h), u*(t + h)) — b(z*(t), u*(t + h))

—hb, (x*(t + h),u*(t + h))%(t + h))

+(p(t +h) — p(t)) - (T*0(z*(t), w*(t + h)) — 7°b(z*(t + h), u*(t + h))).
Similarly,
H(t) — H(t + h) = H(z*(t + h), p(t + h), w (t + h)) — H(z*(t + h), p(t + h), u*(t))
+HO (@ (t+ h),u (1) — fO(a" (1), v’ (1)
+(p(t +h) —p) - 770(x"(E + k), u™(t)) + p(t) - (T7b(x" (¢ + h), u™ (1)) — T70(a"(£),w" ()

< P (4 ) () — £ (0, (1) = B3 (), (1) ()

p(E) - (B (1 R),w () — P (0wt (00) — hp0) - 7Bl (0), ' () (1)

H(p(t+h) = p(t) - (T7b(x"(t + h),u’ (1)) — T7b(z" (1), u* (1))
Dividing these expressions by h and taking the limit h — 0 we arrive at

i H(t+h) —H(t)

h—0 h

=0.
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Here we use that

b(a*(t + h), u (t + h)) — b(x*(t), u* (t + h)) — by(z*(t + h), u*(t + k) La*(t + h)
= fol (ba(z*((1 = s)t + s(t+ ) £a*((1 — s)t + s(t + h))

—by(x*(t + h),u*(t + h))£a*(t + h)) ds — 0, for h — 0,

and similarly for the remaining terms.
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